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Time-Linearized Transonic Computations Including
Shock Wave Motion Effects
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The effect of small perturbations on steady nonlinear transonic � ow� elds, in the context of two-dimensional� ows
governed by the general-frequency transonic small disturbance equation with nonre� ecting far-� eld boundary
conditions, is studied. Numerious existing time-linearized frequency-domain methods have failed to account for
the shock wave motion that is known to occur. A time-linearized time-domain method, incorporating a procedure
referred to as the shock jump correction procedure, is presented. This procedure allows one to account for correctly
small-amplitude shock wave motions due to small unsteady changes in the airfoil boundary conditions. First
harmonic pressure distributions and airloads for a NACA 64A006 airfoil with an oscillating quarter-chord � ap are
predicted and compared with those obtained from the time-linearized frequency-domain and nonlinear schemes
and experiments. The comparisonsreveal there are signi� cant improvements in the time-domainresults compared
with the frequency-domain counterparts, speci� cally in the regions where the shock wave motions occur.

Nomenclature
C`±

= � rst harmonic lift coef� cient due to � ap
rotation, 1/rad

Cm ±
= � rst harmonic moment coef� cient due to � ap

rotation, 1/rad
C p = pressure coef� cient
C pm = mean pressure coef� cient during oscillation
C¤

p = critical pressure coef� cient
c = airfoil chord length
f = oscillation frequency, Hz
h = function de� ning instantaneousposition of airfoil
Im = imaginary part of a complex-valuedvariable
{ =

p
¡1

k = reduced frequency or Strouhal number, !c=U1
M1 = freestream Mach number
N = number of steady solutions used to approximate

the mean steady � ow� eld
p; q = constants used in grid shearing functions

for streamwise direction
Re = real part of a complex-valued variable
t = nondimensional time
tn = nondimensionaldiscrete time, n1t
U1 = freestream � uid speed
v = nondimensional � uid velocity vector
x; z = nondimensionalCartesian coordinates in streamwise

and vertical directions, respectively
zm ; ³m = vertical extent of physical and computational

domains, respectively
° = ratio of speci� c heats (1.4 for ambient air)
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1C p = pressure coef� cient perturbation
1 QC p = jump in � rst harmonic pressure coef� cient across the

airfoil normalized by the amplitude of � ap oscillation
1t = time step
1± = amplitude of � ap oscillation, deg
1

z D 0 ¢ ¢ ¢ = jump in indicated quantity across the wake surface
in physical domain

1
³ D 0 ¢ ¢ ¢ = jump in indicated quantity across the wake surface

in computational domain
± = � ap angle, deg
±m = mean � ap angle during oscillation, deg
µ = shock angle relative to the positive z direction
# = constants used in grid shearing functions
3 = instantaneousshock wave position
3t = shock wave speed
»; ³ = nondimensional computational coordinates in

streamwise and vertical directions, respectively
Á = reduced potential
Ám = mean reduced potential during oscillation
Ã = intermediate reduced potential used in the alternating

direction implicit technique
! = angular frequency, 2¼ f , rad/s
h¢ ¢ ¢i = jump in indicated quantity across the shock wave

Subscripts

o = oscillatory component of an one-harmonic
time-linearizedquantity

s = steady component of a time-linearizedquantity
or steady value

u = unsteady component of a time-linearizedquantity

Superscripts

n = nth time level
§ = upper/lower airfoil surface

N = average value of indicated quantity across
the shock wave

Introduction

I N unsteady transonic � ow, relatively small periodic changes in
the boundary conditions can lead to substantial changes in the
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aerodynamicloads and moments and so are of major concern (aero-
elastic behavior) in aerodynamic design of aircraft that operate at
transonicspeeds.Transonic � ows are characterizedby the presence
of adjacentregionsof subsonicand supersonic� ow, usually accom-
panied by shock waves.

In the past, there has been much activity in the development of
computationalmethods for the analysisof time-linearizedtransonic
aerodynamics. This activity was motivated by the need to supple-
ment expensive and time consuming wind-tunnel tests with an af-
fordable, fast, and ef� cient alternative.This paper presents a simple
and fast scheme for computing time-linearizedtransonic � ow� elds,
including the effects of shock wave motion, about an airfoil in un-
steady motion of small amplitude. We consider the unsteady � ow
as a small perturbation on the mean (steady) � ow� eld, which re-
sults in a pair of coupled � ow problems for the steady and � rst-
order unsteady reduced potentials. The governing equation for the
steady� ow is the usual nonlineartransonicsmall disturbance(TSD)
equation.1;2 The � rst-order unsteady equation is linear and locally
of mixed elliptic/hyperbolic type, depending on the nature of the
steady solution. The time linearization process is performed in the
time domain, rather than in the frequency domain, so that a proce-
dure that we refer to as the shock jump correction procedure can
be implemented. This procedure effectively corrects the solution
values behind the shock, which in turn introduces the shock wave
motion effects into the time-linearized solution.

For the past three decades, time-linearizedequationswere solved
in the frequency domain by numerous researchers, including
Hounjet,3 Schippers and Hounjet,4 and Traci et al.,5;6 utilizing a
variety of computationalmethods of different levels of complexity,
where shock wave motion was neglected. In general, their results
compare reasonably with the experimentally measured values, ex-
cept in the regionswhere shockwave motion is anticipated.Even the
most recent work from Greco et al.7 for � utter and limit-cycle os-
cillation prediction neglect such signi� cant effects, which can con-
tribute substantially to the time-varying loads and moments. The
only researchers, to our knowledge, who solved the time-linearized
time-domain equations including the shock wave motion effects,
are Fung et al.8 However, their theory is based on the low-frequency
TSD equation, hence applications of their scheme are restricted to
transonic � ows within the low-frequency range.

A suite of FORTRAN 90 codes, TranFlow2D, that are capable
of generating isotropic and inviscid steady, nonlinear unsteady, and
time-linearizedfrequencyand time-domain solutions, for transonic
� ows over an oscillatingairfoil was developed.In addition, a Math-
ematica packagewas developedfor the grid-generationprocess and
graphical postprocessing of the computed results. Time-linearized
solutions for a NACA 64A006 airfoil with an oscillating quarter-
chord � ap, an AGARD aeroelastic con� guration, will be presented
and compared with experimental data.9¡11 The comparisons re-

Fig. 1 Boundary conditions.

veal signi� cant improvements in the time-domain results over their
frequency-domain counterparts, particularly in the critical regions
where shock wave motion occurs.

Governing Equations and Boundary Conditions
This section brie� y describesthe governingequationsand bound-

ary conditions necessary for computing the steady, nonlinear
unsteady, and time-linearized transonic � ows over an aerofoil in
motion. All angles are positive for trailing edge down, and mo-
ments are positive for nose up, taken about the airfoil quarter-chord
point.

General-Frequency TSD Equation

A nearly planar wing is immersed in an unsteady, isentropic,and
inviscid � ow. The governing aerodynamic equation of motion is
the unsteady general-frequencyTSD equation,1;12;13 which may be
written in a convenient form as

M2
1

@

@t
.Át C 2Áx / C ¯2

2 Nu
@

@x
W 2 ¡ @

@z
Áz D 0 (1)

where

W D Nu ¡ Áx (2a)

¯2 D 1 ¡ M 2
1 (2b)

Nu D ¯2
¯£

M2
1.° C 1/

¤
(2c)

and Áx D @Á=@x , etc. This equation is capable of capturing nonlin-
ear � ow phenomena, including irregular shock wave motion that
was observed experimentally by Tijdeman.14 The spatial coordi-
nates .x; z/, t, and Á have been nondimensionalized by c, c=U1,
and c U1 , respectively. In nondimensional terms, the � uid velocity
vector is given by v D r.x C Á/. Equation (1) is locally of ellip-
tic/hyperbolic type, representingsubsonic/supersonic � ow when W
is positive/negative, and its solution contains discontinuous jumps
that approximate shock waves. Note that reduced potential means
the potential of velocity disturbance from the freestream velocity
and that Nu denotes the value of Áx at sonic condition, that is, where
local Mach number is one.

Boundary and Shock Jump Conditions

In the � ow� eld, nonre� ecting boundary conditionsderived from
the theory of wave propagation13;15 are employed at the far-� eld
computationalboundaries,and the Kutta condition is satis� ed in the
wake region behind the airfoil. The � ow tangency boundary con-
dition is imposed, in terms of airfoil slopes, on a � at mean surface
approximation to the airfoil, as shown in Fig. 1. The airfoil lies on a
z D 0 plane with leading (also the origin of the Cartesian coordinate
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system) and trailing edges located at x D 0 and x D 1, respectively.
The unbounded physical domain around an airfoil is truncated at
some � nite distance. Nonre� ecting far-� eld boundary conditions
are imposed and serve to simulate the disturbances that propagate
outward from the airfoil to in� nity. This allows the transonic solu-
tion to propagate through the arti� cial computationalboundariesas
if thereare no boundariespresent.Consequently,the far-� eld bound-
aries can be moved closer to the airfoil, and offer greater freedomin
tradeoffsamong grid density,accuracy,and computationalcost. The
airfoil functions required in the � ow tangency boundary condition
are obtained by least-square interpolation (using low-order polyno-
mials) of the airfoil coordinates, taking into account of the square
root behavior at the airfoil nose. Any shock wave that exists in the
� ow� eld must satisfy the shock jump condition2;8 derived from the
conservation form of the governing equation (1), namely,

M 2
1hÁt C 2Áx ihÁx id3

dt
C ¯2

Nu
. Nu ¡ Áx /hÁx i2 C hÁzi2 D 0 (3)

together with the condition derived from the assumption of irrota-
tionality,

µ D ¡hÁzi=hÁx i (4)

Mathematical Formulation and Numerical Procedures
The results of Fung et al.8 for a one-dimensionalmodel disclosed

that the time-linearized results must be corrected for shock wave
motion if they are to be consistently correct to the lowest order.
This is accomplishedby computing the shock wave motion in con-
junction with the time-linearized solution process. Mathematical
formulations for computing steady and time-linearized frequency-
domainsolutionswill be briefypresented.Much attentionis devoted
to assessing the time-linearized time-domain method including the
effects of shock wave motion.

Coordinate Transformation

To facilitate the use of high density of grid points surrounding
the airfoil, without resolving to employment of a vast number of
points, a smooth nonuniform computational mesh is constructed
via an algebraic mapping process. In the mapping process the far-
� eld boundariesare kept independentof the airfoil and alignedwith
respect to the freestream direction, so that both the physical and
computational domains are contained within rectangular regions.
The following transformation functions are employed:

x.» / D

8
<

:

» C #1»
2 p C 1 for » < 0

» for 0 · » · 1 .airfoil/

» C #2 .» ¡ 1/2q C 1 for » > 1 .wake/ (5a)

z.³ / D #3zm
³

³m
C .1 ¡ #3/zm

(

1 ¡ tanh[#4 ¡ #4.³=³m/]

tanh #4

)

for 0 · ³ · j³m j (5b)

The parameters#3 .0 < #3 < 1/ and #4 .#4 6D 0/ provide the vertical
grid point controls, and the slope of function (5b) is governed by #3

because,when ³=³m is close to zero, z=zm ¼ #3 . Here #4 controls the
departure from the linear z=zm vs ³=³m behavior. Small #4 values
cause small departures from linearity, and departure from linear-
ity will be small and occur for ³ ¼ ³m if #3 ¼ 1. To ensure there is
no generation of re� ections from internal grid points, because re-
� ections sometimes do exist if grid stretching is excessive, #3 and
#4 must be carefully chosen. Seidel et al.16 show results indicating
grid stretching in the vertical direction plays a predominant role in
generating these re� ections.

Steady Solution

The steady � ow problem is governed by Eqs. (1–4), together
with the steady version of the boundary conditions shown in Fig. 1,
and the solution must satisfy the steady version of the shock rela-
tions [Eqs. (3) and (4)]. The � nite difference solution procedure is

based on the method of false transients,1;2;17;18 in which an arti� cial
� rst time derivative is appended to the steady TSD equation to in-
corporate temporal numerical dissipation. This arti� cial derivative
is approximated by a generalized time difference rule, written in
Padé form, and the resulting difference equation is approximately
factorized.1;2;12;19;20 Standard second-order accurate central differ-
ence rules are applied to all spatialderivatives,except for the nonlin-
ear term, which is evaluated by the � rst- and second-orderaccurate
Engquist–Osher type-dependent operators.21 As the � ow changes
from subsonic to supersonic, Engquist–Osher operators smoothly
change from central to upwind difference approximations, ensur-
ing a smooth transition from subsonic to supersonic � ow. Hence,
entropy violating decompression shocks will not develop. As the
� ow changes from supersonic to subsonic, Engquist–Osher opera-
tors change to a proper shock point operator (see Ref. 22) satisfying
the shock relations(3) and (4). Conservativedifferencingof the gov-
erning equation is preserved, an essential requirement for a proper
descriptionof shock waves. The resultingscheme is potentially fast
because the solution process is fully vectorized and time-step cy-
cling is used to enhance the rate of convergence.

Time-Linearized Frequency-Domain Solution

In the time-linearizedapproach,weassumeunsteadydisturbances
are small relativeto a � xedmeanstate.This assumptionis reasonable
as long as the disturbances are small, and if this is locally violated,
such as in the shock trajectory, this assumption is still applicable
provided the corresponding� ow region is relatively small. The un-
steady airfoil motion is assumed to consist of a steady component
plus a small harmonicallyoscillatingcomponent.That is, neglecting
higher harmonic terms in the unsteady responses, and for jhoj ¿ 1
and jÁoj ¿ jÁs j, we let

h§.»; t/ D h§
s .» / C Re

©
ho.» /e{kt

ª
(6a)

Á.»; ³; t/ D Ás.»; ³ / C Áo.»; ³ /e{kt (6b)

Assumptions (6) have the advantageof suppressingthe time dimen-
sion of the computation, but restrict the study to linear harmonic
motions only, and result in two coupledequations.The airfoil thick-
ness effect is included in the steady analysis, and the corresponding
unsteady analysis is performed for an airfoil of vanishing thick-
ness, but submerged in a steady reducedpotential � eld. Substituting
Eq. (6) into Eq. (1) with boundaryconditionsof Fig. 1, and separat-
ing the steady and oscillatory components, we � nd that Ás satis� es
the usual nonlinear steady TSD equation and correspondingsteady
boundary conditions and that Áo satis� es

M2
1k2Áo ¡ {2M2

1k »x
@Áo

@»
C ¯2

Nu
»x

@

@»
Ws »x

@Áo

@»
C ³z

@

@³
³z

@Áo

@³
D 0

(7)
where

Ws D Nu ¡ »x
@Ás

@»
(8)

subject to the following boundary conditions.
Downstream/upstream boundary:

»x
@Áo

@»
§ {M1k

1 § M1
Áo D 0 (9a)

Above/below boundary:

³z

@Áo

@³
§ {M1kp

1 ¡ M2
1

Áo D 0 (9b)

Wake:

1
³ D 0»x

@Áo

@»
C { 1

³ D 0kÁo D 0 (9c)

1
³ D 0

@Áo

@³
D 0 (9d)
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Airfoil:

³ §
z

@Á§
o

@³
D »x

@ho

@»
C {kho (9e)

Note that Eq. (7) is linear with respect to Áo , but locally of the same
mixed elliptic/hyperbolic type as Eq. (1) due to the dependence on
Ás through Ws . In general, Áo is complex, thereby permitting phase
shifts between the � eld quantities and the boundary disturbance.

The solution procedure for the frequency-domain problem is
based on an iterative � nite difference scheme.2;23 The required so-
lution for Ás , which does not dependon Áo , is solved independently,
and the converged solution obtained is then used in the solution
process for the corresponding Áo . This approach has the bene� t
that Ás need not be regenerated for each unsteady boundary dis-
turbance or reduced frequency of interest. As usual, for a mixed
elliptic/hyperbolic type equation, the second streamwise derivative
in Eq. (7) is evaluatedby the second-orderaccurateEngquist–Osher
operators21 (also see Ref. 13), whereas the rest of the spatial deriva-
tives are evaluatedby standard second-orderaccurate central differ-
ence rules.

Usually the actual steady-state � ow� eld at the mean position of
an aerofoil motion is used to represent the mean (steady) � ow� eld
in the time-linearized methods. In the time-domain computation,
the shock wave motion effects are successfully included via the
shock jump correction procedure. (This will be described in the
next subsection.) However, when such a procedure is incorporated
into the frequency-domain method, the resultant scheme becomes
numerically unstable.This is due to the nonuniformconvergenceof
the expansionin frequencynear the shock. We also consider another
representation of the mean � ow� eld, which is referred to as the
mean steady � ow� eld throughout this paper, by taking a weighted
average of the steady potentials at N different amplitudes of the
airfoil motion.3 Here we assume that the low-frequencychange will
become equivalent to a series of steady conditions for an attached
� ow as the rate of change is reduced.For example, for an oscillating
� ap motion, N steady potentials are computed for

± j D ±m C 1± cos.2¼ j=N / for j D 1; 2; : : : ; N (10)

and the mean steady � ow� eld is then obtained from

Ám D
1
N

NX

j D 1

Á j (11)

where Á j is the potential solution obtained from solving the steady
problem subject to the aerofoil disturbance ± j of (10). In general,
the mean steady � ow� eld [obtained from Eq. (11)] contains a dis-
continuoussolution that spans the region in which the shock pro� le
is likely to be in� uenced by viscous effects (see Fig. 2 and sub-
sequent example). Therefore, this mean � ow� eld representation is
usually better than taking the actual steady-state � ow� eld for the
time-linearizedfrequency-domaincomputations.This distancealso
depends on the oscillation frequency of the airfoil motion and on
the pressure distribution near the shock; see Ref. 14 for more de-
tails. However, we noticed that for the case studies consideredhere,
where the reduced frequencies are high, the shock displacement is
signi� cantly small because the amplitude of shock wave motion24

is proportional to 1=k, and so the mean � ow� eld should be taken
from a complete nonlinearunsteadysolutionof Eq. (1). This will be
consideredin our future work. Note that it is essential to have a well-
de� ned mean (steady) � ow� eld because a good agreement on the
steady pressuredistribution is a prerequisite to obtain a good agree-
ment on the unsteady pressure distribution for the time-linearized
computations.

Time-Linearized Time-Domain Solution

This subsection describes a different approach in obtaining the
time-linearized transonic solution, where instead of solving the
equations in the frequency domain, we solve them in the time do-
main. There are two advantages to this approach: 1) Shock wave
motion effects can be included in the time-linearized solution, so
that the solution within the shock trajectory will be correctly pre-

Fig. 2 Comparison of steady pressure distributions for the NACA
64A006 airfoil with a quarter-chord � ap at M1 = 0.88 and ±m = 0 deg.

dicted, and 2) no restrictions are imposed on the mode of airfoil
motion, which can be simulated, because harmonic decomposition
(6) is not utilized.The airfoil motion and reduced potential are time
linearized (to � rst order) as follows, for jhu j ¿ 1 and jÁu j ¿ jÁs j,

h§.»; t/ D h§
s .» / C hu.»; t/ (12a)

Á.»; ³; t/ D Ás.»; ³ / C Áu.»; ³; t/ (12b)

Applying a similar process as described in the preceding subsection
to obtain the relevant time-linearized equations, we � nd that Áu

satis� es

M2
1

@ 2Áu

@t 2
C 2M 2

1
@

@t
»x

@Áu

@»
¡ ¯2

Nu »x
@

@»
Ws »x

@Áu

@»

¡ ³z

@

@³
³z

@Áu

@³
D 0 (13)

subject to the same far-� eld and wake boundary conditions shown
in Fig. 1 with Áu replacing Á and the following airfoil boundary
condition:

³ §
z

@Á§
u

@³
D »x

@hu

@»
C @hu

@t
(14)

Equation (13) is linear with respect to Áu , and it is locally of mixed
elliptic/hyperbolic type, dependingon the nature of the steady solu-
tion.The linearityof Eq. (13) makes the computationeffort required
to obtain a solution much less than the effort required to obtain a
solution of the nonlinear TSD equation [Eq. (1)].

Our numerical experiments2;13;23 and experiments of Tijdeman
and Schippers10 and Tijdeman14 all have indicated that an accu-
rate representation of shock wave motion is of great importance
for transonic � ow simulations.The experiments reveal that for two-
dimensionalsmall perturbationtransonic � ows the shockwaves that
usually occur are nearly normal to the � ow direction.Therefore,we
can assume that if the steady � ow� eld has a shock, then this shock
may be representedbya normalshockwave.The shockwave motion
is explicitly treated as

3.t/ D 3s C 3u.t/ (15)

and Á[3.t/; ³; t ] is expanded using a Taylor series expansionabout
» D 3s ,

Á[3.t/; ³; t ] D
1X

j D 0

3
j
u

j !

³
»x

@

@»

´ j

Á (16)

Substituting relations (12b) and (15) into the preceding series, im-
posing the condition of no circulation around in� nitesimal paths
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threading the shock front, and neglecting higher-order terms in 3u

provides

hÁs.3s; ³ /i D 0 (17a)

hÁu.3s; ³; t/i D ¡3u

½
»x

@Ás

@»

¾
(17b)

Note that h»x @Ás=@» i represents the jump in C ps across the shock at
x.» / D 3s . Another relation that allows us to compute 3u knowing
the Áu value is needed before Eq. (17b) can be applied. This im-
portant relation stems from the time linearization of Eq. (3). For a
normal shock wave, Eqs. (3) and (4) reduce to

d3

dt
D

¯2. »x Á» ¡ Nu/h»x Á» i
NuM2

1hÁt C 2»x Á» i (18a)

µ D 0 (18b)

Because we have treated the shock as normal,Eq. (18a) is computed
at one ³ location (as suggestedby Fung et al.8) at the airfoil surface.
Time linearizing Eq. (18a) using Eqs. (12b) and (15) shows that
NC ps D C¤

p D ¡2 Nu and that the time-linearized shock speed is given
by

d3u

dt
D ¯2

2 NuM2
1

»x
@Áu

@»
(19)

The solutionis computedutilizinga noniterativealternatingdirec-
tional implicit (ADI) technique,where the solutionvaluesbehindthe
shock are corrected to incorporate the shock wave motion effects.
We anticipate that this shock jump correction procedure will im-
prove the numerical results in the regionswhere shock wave motion
occurs. In the ADI technique, the solution marches forward in time
from its initial steady state to subsequent time levels in a two-step
process from time level tn to tn C 1. Intermediate values, Ã.»; ³; t/,
are computed at the midpoint of each time interval. Equation (13)
and all associated unsteady boundary conditions are discretized at
time level tn C 1

2
, which is the midpoint of time levels tn and tn C 1.

The � rst and second time derivatives are evaluated by trapezoidal
rule and second-orderaccurate nonstandardforward approximation
involvingÁn ¡ 2

u , Án ¡ 1
u , Án

u , and Án C 1
u values, respectively.Likewise,

the vertical derivative is averaged between the values at time level
tn and tn C 1, resulting in

M 2
1

2.1t/2

¡
3Án C 1

u ¡ 7Án
u C 5Án ¡ 1

u ¡ Án ¡ 2
u

¢
C

2M2
1

1t
»x

@

@»

¡
Án C 1

u ¡ Ã
¢

C 2M 2
1

1t
»x

@

@»

¡
Ã ¡ Án

u

¢
D ¯2

Nu
»x

@

@»
Ws »x

@Ã

@»
C ³z

@

@³
³z

@Án
u

@³

C 1
2

³z

@

@³
³z

@

@³

¡
Án C 1

u ¡ Án
u

¢
(20)

In the � rst half-step, Ã is computed along ³ D const lines using

2M 2
1

1t
»x

@Ã

@»
¡

¯2

Nu »x
@

@»
Ws »x

@Ã

@»
D

2M2
1

1t
»x

@Án
u

@»
C ³z

@

@³
³z

@Án
u

@³

(21)

coupledwith the computationof new Ã values behind the shock ob-
tained from Eq. (19). In Eq. (13) and subsequent equations,@Án

u =@»
denotes the value of @Áu=@» at time level tn , etc. We basically write
Eq. (17b) at time level tn C 1

2
, differentiate it with respect to time,

and follow by inserting Eq. (19) for the shock speed term. The � rst
time derivative is then evaluated by a � rst-order accurate forward
difference rule, and the »x Ã» term is approximated at time level tn .
With the shock location dictated by the shock point operator, the Ã
values ahead of and behind the shock can be expressed by a Taylor
series expansion, and we obtained

«
Ã

¬
D

«
Án

u

¬
¡ 1t ¯2

2 NuM 2
1

½
»x

@Ás

@»

¾
»x

@Án
u

@»
(22)

With the Ã values determined, the second half-step follows, com-
puting Án C 1

u values along the » D const lines via

3M2
1

2.1t/2
Án C 1

u C 2M2
1

1t
»x

@Án C 1
u

@»
¡ 1

2
³z

@

@³
³z

@Án C 1
u

@³

D
M 2

1

2.1t/2

¡
7Án

u ¡ 5Án ¡ 1
u C Án ¡ 2

u

¢
C 2M2

1

1t
»x

@Ã

@»

¡
1

2
³z

@

@³
³z

@Án
u

@³
(23)

in conjunction with the updated hÁui values,
«
Án C 1

u

¬
D hÃi (24)

In Eqs. (21) and (23), the � rst streamwise and all vertical deriva-
tives are evaluated by standard second-order accurate, upwind and
central rules, respectively. Second-order accurate Engquist–Osher
operators21 (see also Ref. 22) are applied to the second streamwise
derivative in Eq. (21). It is necessary to introduce the boundary val-
ues from the boundaryconditionsfor Ã that are compatiblewith the
interior algorithms corresponding to Eqs. (21) and (23). An appro-
priate strategy for the inclusion of the boundary values will not be
discussedin this paper.The � nal � nite differencescheme is globally
second-orderaccurate in the spatial and time dimensions, except in
the regions where shock wave motion occurs, in which the time di-
mension reducesto � rst-orderaccuracy.For a mixed� ow, numerical
instabilitiesmay begeneratedby the shockexcursion,hencerestrict-
ing the use of large time steps for both accuracy and stability in the
scheme. The solution procedure outlined here effectively corrects
the Áu valuesfor shockwave motionsas the solutionprogresses.The
correctionproceduredisregards the actual variation in Áu and, thus,
is only able to accountfor shockwave motionsprovidedthey remain
small. The shock displacement is easily determined simultaneously
using relations (15) and (17b).

Results and Discussion
Time-linearized results have been computed for an NACA

64A006 airfoil experiencing harmonic � ap motions at zero angle
of attack. To con� rm the validity of the time-linearized computa-
tions, both the time-linearized and nonlinear schemes were used to
compute the solutions to two case studies. Experimental results are
also used to provide the physical insights of the � ows. The nonlin-
ear unsteady solution is obtained by solving Eq. (1) based on the
scheme of Ref. 13. The maximum thickness of this symmetrical
airfoil is 6%, located at about 38% chord, and the hinge axis of the
quarter-chord � ap is located at 75% chord with gap width of 0.1
mm. Computations are performed for symmetrical � ow [case 1,
AGARD, M1 D 0:88, k D 0:468, ±m D 0 deg, and 1± D 1 deg]
and antisymmetrical � ow [case 2, National Aerospace Laboratory
(NLR), M1 D 0:872, k D 0:47, ±m D 0:86 deg, and 1± D 0:6 deg]
conditions. Case 1 uses a standard AGARD aeroelastic con� gura-
tion, where the airfoil pro� le coordinatesand experimentaldata are
obtained from AGARD reports,9;11 and case 2 uses an NLR con� g-
uration, employing the standard NACA 64A006 airfoil of Ref. 25.
The airfoil pro� le used in the � rst case has been augmentedby eight
new coordinates in the nose region (from 0.05 to 0.4% chord), and
the nose radius of the airfoils for both cases remain unchanged at
0.246%chord.Predictedresultsfor case 2 will be comparedwith the
experimental data from an NLR report.10 Although the two sets of
pro� le coordinatesare for the same airfoil,becauseof the sensitivity
of transonic computations to airfoil slopes, it is important to clearly
distinguish which sets are used in the computation processes. Note
thatk is scaledwith c, rather than c=2 as usuallydoneand that before
the time-linearized computations steady-state � ow� elds, represen-
tationof the mean � ow� elds, are computedusing a nonlinearsteady
solver as described in the subsection on steady solution.

It is convenient to restrict the discussion to pressure distributions
and resulting forces and moments becauseit is the pressures that are
actually measured. Once reduced potentials are determined, pres-
sure coef� cients are computed from
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C p.»; ³; t/ D ¡2»x Á» ¡ 2Át (25a)

C p.»; ³; t/ D C pm .»; ³/ C 1C p.»; ³; t/ (25b)

C p.»; ³; t/ D C ps .»; ³ / C Re
©
C po.»; ³ /e{kt

ª
(25c)

C p.»; ³; t/ D Cps.»; ³/ C C pu.»; ³; t/ (25d)

where

C ps D ¡2»x
@Ás

@»
(26a)

C po D ¡2»x
@Áo

@»
¡ {2kÁo (26b)

C pu D ¡2»x
@Áu

@»
¡ 2

@Áu

@t
(26c)

Relations (25b) corresponds to the nonlinear unsteady pressure and
Eqs. (25c) and (25d) correspond to the time-linearized frequency-
and time-domainpressures, respectively.Locally supersonic � ow is
represented by C p=C¤

p value greater than one. In all computations,
9000grid pointsare employedto discretizethe grid with the far-� eld
computationalboundarieslocatedat a distanceof four chord lengths
from the airfoil (Fig. 1). In the streamwise direction, 15 grid points
are allocated to the upstream region, 60 for the airfoil (referred to
as the � ne grid con� guration, discussed later), and 15 for the wake
region, a total of 90 grid points. In the vertical direction, 50 grid
pointsare allocated to the � ow regionsaboveand below the aerofoil.
The p, q, #3, and #4 values of the shearing functions (5) are 2, 2,
0.2, and 5, respectively, with #1 and #2 calculated from the p and
q values. Re� ections from internal grid points were not observed.
For the time-domain solutions, computations were started from the
initial steady state, and continued for six oscillationcyles, at which
time the solution becomes periodic after four cycles.

A study of grid dependence is carried out by computing several
solutions using the same grid con� guration as mentioned earlier,
but allocating30, 35, 40, 45, 50, 55, and 60 grid points to the airfoil.
It was found that using 40 grid points is adequate, and using more
than 40 produces small improvements in the results near the shock
wave. The steady pressure distributions for case 1 are presented in
Fig. 2, and the jump in � rst harmonic pressure distributions across
the airfoil follow in Figs. 3 and 4. Figures 3 and 4 show the jump
in � rst harmonic pressure distributions, normalized by 1±, across
the NACA 64A006 airfoil with a harmonically oscillating quarter-
chord � ap at M1 D 0:88, k D 0:468, ±m D 0 deg, and 1± D 1 deg.
Figure 2 illustrates that there is a very small improvement in the
result using the � ne grid con� guration over that of the course grid
con� guration (40 grid points for the aerofoil).The computed steady
shock pro� le is sharper than that obtained from the experiment,
where the shock is smeared due to the boundary layer. In an effort to
obtaina similar pro� le to the experimentalresults (without resorting
to the inclusion of boundary-layereffects), a mean steady � ow� eld
is constructed by averaging nine steady solutions at � ap angles of
±m , ±m § 1

4 1±, ±m § 1
2 1±, ±m § 3

4 1±, and ±m § 1±. All computed
and experimental results compare very well in the region upstream
of the shock wave, all give the same steady shock position, and
supersonic points appear in between about 19 and 59.7% chord.
However, small discrepancies exist in the region behind the shock.
We believe this is partly due to the boundary-layer effect, which
is not taken into account in the present theory and also due to the
real shock excursionbeing smaller than for the averagingprocedure
used here.The steady� ow� eld is symmetric becausewe are dealing
with zero angle of attack and zero mean � ap angle, and the shock
displacementsand unsteadypressureson the upper and lower airfoil
surfacesare equal in magnitude,but differ by 180 deg in phaseangle.

To assist in the comparison of the time-domain results, an ap-
proximating traceof the responses in the form of a truncatedFourier
serieswith only one harmonic is � tted to the result by a least-squares
procedure.The � tted parametersare then written in complex-valued

Fig. 3 Comparison between the time-linearized time-domain (using
course and � ne grids) and full nonlinear TSD results.

form, normalizedby 1±, so that the real and imaginaryparts of1 QC p

per radian, where 1 QC p D .1CC
p ¡ 1C ¡

p /=1±, can be extracted and
plottedas shown in Figs. 3 and 4. The real and imaginaryparts repre-
sent the in-phase and in-quadrature solution, respectively. Figure 3
compares the time-linearizedtime-domain results using course and
� ne grid con� gurationsto thoseobtained from the nonlinearscheme
of Ref. 13. Apart from the small differencesin the pressuredistribu-
tions, the comparison in general is very good, especially the well-
capturedpressurepeaks due to the steady shock (� rst peak) and � ap
hinge (second peak), hence indicating that the shock wave motion
effectsare correctlyintroducedinto the time-linearizedtime-domain
scheme by the shock jump correction procedure. Further compari-
son is made in Fig. 4 between the time-linearizedfrequency-domain
results employing the actual and mean steady � ow� elds to repre-
sent the mean � ow� eld and those measured in the experiment. We
observe that in the regions away from the shock trajectory, the com-
parison of the results show good qualitative agreement, although
in the shock region only the time-domain method can accurately
predict the dip in the real pressure part. The computed airloads
are obtained from the pressures by integration (using trapezoidal
rule) of the separate real and imaginary parts and compared with
the experimental11 values in Table 1. The time-domain method pre-
dicts the lift coef� cient more accurately,with respect to those com-
putedby thenonlinearscheme, than the frequency-domainmethods,
whereas for the moment coef� cient, the real part is astonishingly
well predicted by all methods.
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Table 1 Comparison of � rst harmonic lift and moment
coef� cients due to � ap rotation

Method Re C`± Im C`± Re Cm ± Im Cm±

Case 1
Experiment 0.579 ¡0:479 0.757 ¡0:327
Nonlinear 0.614 ¡0:553 0.730 ¡0:401
TLTD 0.599 ¡0:511 0.723 ¡0:375
TLFD (S)a 0.723 ¡0:352 0.740 ¡0:335
TLFD (MS)b 0.735 ¡0:419 0.740 ¡0:371

Case 2
Experiment 0.629 ¡0:558 0.805 ¡0:375
Nonlinear 0.679 ¡0:507 0.744 ¡0:436
TLTD 0.655 ¡0:516 0.762 ¡0:414
TLFD (S) 0.698 ¡0:360 0.727 ¡0:334
TLFD (MS) 0.703 ¡0:387 0.729 ¡0:347

aUsing steady � ow� eld. bUsing mean steady � ow� eld.

Fig. 4 Comparison between the time-linearized TSD and experimen-
tal results.

In case 2, we have an antisymmetrical � ow� eld with steady up-
per surface shock located farther downstream than that on the lower
surface (Fig. 5). Five steady solutions at � ap angles ±m , ±m § 1

2 1±,
and ±m § 1± are utilized to construct the mean steady � ow� eld
for the frequency-domaincomputation. Supersonic regions are ev-
ident on both airfoil surfaces, with the larger region on the upper
surface. The supersonic regions start at 19.3% chord and are ter-
minated by a shock at 63.5 and 52.6% chord. Figure 5 reveal a
small improvement in the mean steady solution in predicting the

Fig. 5 Comparison of steady pressure distributions for the NACA
64A006 airfoil with a quarter-chord � ap at M1 = 0.872 and ±m =
0.86 deg.

pressure distribution in the shock regions. Note that viscous effects
on the pressure distribution in the shock region are still crucial,
and this will be considered in our future work. The jump in � rst
harmonic pressure distributions across the airfoil is presented and
comparedin Figs. 6 and 7. Figures 6 and 7 show the jump in � rst har-
monic pressure distributions, normalized by 1±, across the NACA
64A006 airfoil with a harmonicallyoscillatingquarter-chord� ap at
M1 D 0:872, k D 0:47, ±m D 0:86 deg, and 1± D 0:6 deg. The time-
linearized time-domain result is still acceptable even though small
differenceswith that of the nonlinearresult (as shown in Fig. 6) exist
because both methods give the same trend of pressure distributions
along the airfoil surfaces.Signi� cant improvementsare achievedby
the time-domain method in predicting the real pressure peak due to
the steady shocks (Fig. 7). Table 1 shows a comparison of the aero-
dynamic coef� cients, where we see satisfactory agreement among
all results. The time-domain results compare most favorably to the
nonlinearresults.Consequently,themain conclusionwe derivefrom
these case studies is that it is essential to consider shock wave mo-
tion in computing time-linearized solutions if we are to determine
the effects of small unsteady perturbations correctly to the lowest
order.

The loci of the time-linearized shock wave motions and those
predicted by the nonlinear scheme are compared in Figs. 8 and
9 (last cycle only) for cases 1 and 2, respectively. Inspection of
Fig. 8 reveals that the shocks travel over approximately3.4% (time-
linearized result) and 3.8% (nonlinear result) of the chord with the
steady shock location as the neutral position. The shock displace-
mentson theupperand lowerairfoilsurfacesare equal in magnitude,
but out of phase by 180 deg. Good agreement exists for most part
of the shock trajectory, except during the times when the � ap ap-
proaches the maximum angles, whereas, for case 2, the upper shock
travels over a distance of 1.1% (time-linearized result) and 1.4%
(nonlinear result) chord, and the lower shock travels about 4.0%
and 3.5% chord. For these � ow conditions (high k values) the re-
sultant shock wave motions are very small, and the shocks move
linearily with the � ap motion with small phase lags.

Table 2 compares the computation time per iteration used by the
steadyand time-linearizedfrequency-domain(TLFD) methods,and
computationtime per time step for the nonlinearand time-linearized
time-domain (TLTD) methods, together with the absolute compu-
tation time per grid point. All computations were done on an IBM
ThinkpadT22 notebookwith an IntelPentiumIII processorof speed
about 1 GHz, Microsoft Windows 2000 Professional operating sys-
tem with 393 MB of physical memory and 1337 MB of virtual
memory. The time-domain method requires about 35% less time to
that required by the nonlinear method for each time step, and the
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Table 2 Comparison of computation times

Computation time per iteration Computation time per
Method or time step, 10¡3 s grid point, 10¡6 s

Steady 17.846 1.947
Nonlinear 35.117 3.630
TLTD 22.197 2.425
TLFD 457.741 50.016

Fig. 6 Comparison between the time-linearized time-domain and full
nonlinear TSD results.

number of time steps required for a periodic solution is also much
smaller. Thus, the actual saving in the total computationtime by the
time-domain method for a periodic solution is greater than 35%.
The frequency-domain method uses about 0.4577 s per iteration,
which is 13 times more than that required by the nonlinear method
for each time step, because the scheme solves an unfactorizedequa-
tion system, involvingdirect inversion of a complex-valuedbanded
block diagonal coef� cient matrix. However, the frequency-domain
solution, in general, converges in less than 50 iterations, and only
one matrix inversion is required, and so the required total time will
be much smaller than that required by the nonlinear method for a
solution. Overall, the comparison shows that the TLTD method is
ef� cient, and accurate transonicsolutionscan be generated in an ac-
ceptableturnaroundtime on currenthigh-speedpersonalcomputers.
Note that the main objective in developingthe TranFlow2D suite of
codes is to provide researcherswith an ef� cient tool for performing

Fig. 7 Comparison between the time-linearized TSD and experimen-
tal results.

Fig. 8 Comparison of predicted shock trajectory for the NACA
64A006 airfoil with a harmonically oscillating quarter-chord � ap at
M1 = 0.88, k = 0.468, ±m = 0 deg, and ¢± = 1 deg.
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Fig. 9 Comparison of predicted shock trajectory for the NACA
64A006 airfoil with a harmonically oscillating quarter-chord � ap at
M1 = 0.872, k = 0.47, ±m = 0.86 deg, and ¢± = 0.6 deg.

transonicaeroelasticanalysis,and to provide studentswith a hands-
on tool for studyof and experiencewith aerodynamiccomputations.

Conclusions
An effective treatment of unsteady transonic � ow as a small per-

turbation about the nonlinear steady � ow� eld is presented. An ac-
curate and ef� cient procedurefor computingTLTD transonic � ows,
includingshock wave motions, has been developedand applied to a
NACA 64A006 airfoil with an oscillating quarter-chord� ap. Com-
puted results compare reasonably well with the nonlinear solution
and experimentaldata except for some small quantitativediscrepan-
cies that exist in the region behind the shock. We suspect this would
be related mainly to the viscous effects that are not accounted for
in the present theory and also are due to the interferencesoccuring
whilemeasuringtheexperimentalvalues.The casestudiespresented
signi� ed that, for unsteady transonic � ow, which is dominated by
the shock wave motion effects, the time-domainmethod with shock
jump correction procedure is preferred over the frequency-domain
counterpart because the frequency-domain method is not capable
of predicting the solution in the shock regions. The time-domain
method also demonstrates the importanceof proper modeling of the
shock wave motion to obtain accurate time-linearizedtransonic so-
lutions.The solutionscan be obtained in acceptable turnaroundtime
on current high-performancepersonal computers, hence making it
an ideal tool for peforming two-dimensional transonic aeroelastic
analysis and for students to experienceaerodynamic computations.
Finally, the theory and solution method have been demonstrated to
be successful, in the sense that the method could be used to provide
input for aeroelastic computations for which only in� nitesimal am-
plitude motions need be considered. There is a future potential for
a three-dimensional version as a fast method to be used for � utter
prediction.
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